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Let p be an odd prime. Let X˜ be the ﬁbre space induced from an H-map f : X → K
where K is a generalized Eilenberg MacLane space and X is a simply connected H-space.
Such spaces occur frequently in Postnikov towers and connective covers. In this paper, we
compute the mod p cohomology of X˜ as a ring. The ring depends on the structure of im f ∗
and the structure of subker f ∗ as modules over the Steenrod algebra.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
By an H-space (X,μ) we will mean a topological space X having the homotopy type of a connected CW complex of
ﬁnite type together with a basepoint preserving map μ : X× X → X with two sided homotopy unit. A ﬁbration F −→
j
E −→ρ B
is a multiplicative ﬁbration or multiplicative ﬁbre map if E and B are connected H-spaces and ρ : E → B is an H-map.
Let X be a simply connected H-space and K a simply connected generalized Eilenberg MacLane space with the product
H-space structure. Let f : X → K be an H-map and let X˜ be the induced ﬁbre space. Then we have a multiplicative ﬁbration
ΩK −→
j
X˜ −→ρ X . X˜ inherits an H-structure so that ρ and j become H-maps. In this paper, we compute the algebra structure
of H∗( X˜;Zp) for p an odd prime.
We begin with some deﬁnitions. For the H-map f : X → K , we deﬁne the Hopf algebra subker f ∗ as follows. There is
a map of Hopf algebras f∗ : H∗(X;Zp) → H∗(K ;Zp). H∗(K ;Zp) is commutative and associative. Therefore im f∗ is a normal
subHopf algebra. Thus the cokernel H∗(K ;Zp)// im f∗ is a Hopf algebra. We can deﬁne subker f ∗ ⊆ H∗(K ;Zp) to be the
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Let S(M) be the free commutative algebra generated by M . Let I in S(M) be the ideal generated by {xp − Pn(x): |x| = 2n}.
Here |x| denotes the degree of x. Then U (M) = S(M)/I .
We deﬁne a linear transformation δ :M → M as follows. δx = −β1Pnx if |x| = 2n + 1 and is zero otherwise. We will
show that im f ∗ has the following Hopf algebra decomposition (Theorem 4)
im f ∗ ∼= ⊗
i
Λ(ui)⊗
j
Λ(v j) ⊗ Zp[δv j]
(δv j)p
α j
⊗
k
Zp[wk]
(wk)p
εk
⊗
l
Λ(xl) ⊗Zp[δxl]⊗
m
Zp[ym]
where ui , v j , xl are odd degree primitives with δui = 0 and wk , ym are even degree primitives not in im δ f ∗ .
For each ui introduce an odd generator sγ (ui) ∈ H∗( X˜;Zp) in degree p(|ui | − 1) + 1.
For each v j introduce an odd generator sϕpα j (δv j) ∈ H∗( X˜;Zp) in degree pα j |δv j | − 1.
For each wk introduce an odd generator sϕpεk (wk) ∈ H∗( X˜;Zp) in degree pεk |wk| − 1.
We can now state the Main Theorem.
Main Theorem.
(a) There is an isomorphism of algebras
H∗( X˜;Zp) ∼= H∗(X;Zp)// im f ∗ ⊗
i
Λ
(
sγ (ui)
)⊗
j
Λ
(
sϕpα j (δv j)
)⊗
k
Λ
(
sϕpεk (wk)
)⊗ U(σ ∗(subker f ∗)).
(b) If X is a generalized Eilenberg MacLane space, then there is an algebra isomorphism
H∗( X˜;Zp) ∼= H∗(X;Zp)// im f ∗ ⊗ U
(
σ ∗(subker f ∗)
)
.
(c) Consider the sequence
Q Hn(X;Zp) Q ρ
∗−−−→ Q Hn( X˜;Zp) Q j
∗−−→ Q (im j∗).
The sequence is exact if n is not congruent to ±1 mod 2p. If there is no sγ (ui) in degree 1 + 2mp, then the sequence is exact
in degree n = 1 + 2mp. If there are no sϕpα j (δv j) or sϕpεk (wk) in degree −1 + 2mp then the sequence is exact in degree
n = −1+ 2mp.
Remark. 1. The algebra structure of H∗( X˜;Zp) is known in the case of Massey Peterson ﬁbrations [1,11] and stable two
stage Postnikov systems [16]. The Eilenberg Moore spectral sequence for Hopf ﬁbre squares has been studied extensively in
[17] and yields information about the vector space structure of H∗( X˜;Zp). The algebra structure of the E∞ term of this
spectral sequence, however, does not correspond to the algebra structure of H∗( X˜;Zp).
2. The generators sγ (ui), sϕpα j (δv j), and sϕpεk (wk) can be described in the following way. There is an Eilenberg Moore
spectral sequence [5,9] with E2 = TorH∗(X :Zp)(Zp,Zp) and E∞ = GrH∗(Ω X;Zp). In this spectral sequence there are divided
powers γp(σ ∗(ui)) and transpotence elements ϕpα j (δv j) and ϕpεk (wk) that survive to be algebra generators of H∗(Ω X).
When these elements are lifted to H∗(Ω X˜;Zp) via (Ωρ)∗ they become suspensions of the odd degree generators sγ (ui),
sϕpα j (δv j) and sϕpεk (wk) respectively.
3. imρ∗ ∼= H∗(X;Zp)// im f ∗ and im j∗ ∼= U (σ ∗(subker f ∗)) as algebras.
4. Part (b) of the Main Theorem follows from part (a) of the Main Theorem because if X is a generalized Eilenberg
MacLane space, then im f ∗ is free commutative and δ is injective on Podd(im f ∗).
5. Part (c) generalizes the results from [7] and [10] and follows from Remark 2.
6. The Main Theorem makes no claim about the action of the Steenrod algebra or the coalgebra structure of H∗( X˜;Zp).
Examples. 1. Let E8 be the simple simply connected compact exceptional Lie group of type E8. We compute the mod 3
cohomology of the 3-connective cover of E8.
Recall by Eq. (2.10)′ of [14]
H∗(E8;Z3) = Z3[x8, x20]
x38, x
3
20
⊗ Λ(x3, x7, x15, x19, x27, x35, x39, x47)
with
P1x3 = x7, β1P1x3 = x8, P3x7 = P1x15 = x19, β1P3x7 = x20.
Let f : E8 → K (Z,3) satisfy
f ∗(i3) = x3
where i3 generates H3(K (Z,3),Z3). Then
im f ∗ = Z3[x8, x20]
x3, x3
⊗ Λ(x3, x7, x19)
8 20
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δx3 = −x8, δx7 = −x20, δx19 = 0, H∗(E8;Z3)// im f ∗ = Λ(x15, x27, x35, x39, x47).
The algebra subker f ∗ is generated as an algebra by the A(3) module generated by P9P3P1i3. The module σ ∗(subker f ∗)
is the A(3) module generated by σ ∗(P9P3P1i3) = (σ ∗(i3))27. By the Main Theorem, if E˜8 is the 3-connective cover of E8,
there is an algebra isomorphism
H∗(˜E8;Z3) ∼= Λ(x15, x27, x35, x39, x47) ⊗ Λ
(
sϕ3(δx3), sϕ3(δx7), sγ (x19)
)⊗Z3[{σ ∗(i3)27}]
where |sϕ3(δx3)| = 23, |sϕ3(δx7)| = 59, and |sγ (x19)| = 55.
2. Recall by Eq. (2.8)′′ of [14] if E6 is the simple simply connected exceptional compact Lie group of type E6, then
H∗(E6;Z5) = Λ(x3, x9, x11, x15, x17, x23)
with P1x3 = x11, P1x9 = x17, P1x15 = x23. H∗(E6;Z5) is primitively generated. Let f : E6 → K (Z5,9) be the H-map that
satisﬁes f ∗(i9) = x9. Let E˜6 be the induced ﬁbre space. Then im f ∗ = Λ(x9, x17), δx9 = 0 = δx17,
H∗(E6;Z5)// im f ∗ = Λ(x3, x11, x15, x23).
The algebra subker f ∗ ⊆ H∗(K (Z5,9);Z5) is the free commutative algebra generated by P Iβ1i9, P IP i i9 where 1  i  4,
P IP i , P Iβ1, are admissible of excess less than 9. In the case of i = 1, we require that P I be nontrivial in the terms of the
form P IP1i9.
The module σ ∗(subker f ∗) is generated by the following elements. Note that i9 and P1i9 do not lie in subker f ∗ . There
are decomposable primitives i58 and (P1i8)5 in σ ∗(subker f ∗). Also consider the elements P Iβ1i8, P IP i i8 with excess of
P Iβ1, P IP i less than 8. Again, if i = 1, we require that P I be nontrivial in any terms P IP1. Let S[P Iβ1i8, P IP i i8] ⊆
H∗(K (Z5,8);Z5) be the free commutative algebra on the elements P IP i i8 and P Iβ1i8 where the excess of P Iβ1, and
P IP i is less than 8 and 1 i  3. Then there is an algebra isomorphism
H∗(˜E6;Z5) ∼= Λ(x3, x11, x15, x23) ⊗ Λ
(
sγ (x9), sγ (x17)
)⊗ S[P Iβ1i8, P IP i i8]⊗Z5[{i58},{(P1i8)5}]
where |sγ (x9)| = 41 and |sγ (x17)| = 81.
The proof of the Main Theorem relies on several facts. Let Er be the Serre spectral sequence associated to the multi-
plicative ﬁbration ΩK −→
j
X˜ −→ρ X . It is known from Theorem 5.8 of [2] that the Er term of the Serre spectral sequence is
a tensor product of Hopf algebras along the base E∗0r and ﬁbre E0∗r with an exterior algebra Λ(r) on odd degree generators.
The ﬁbre and Λ(r) are free commutative. This is used to show that E∞ is isomorphic as algebras to H∗( X˜;Zp) (Theorem 3).
Because the ﬁbre is a generalized Eilenberg MacLane space whose fundamental classes transgress, generators of E0∗r are
transgressive. The ﬁbre is the only source of even degree generators with possible non-zero differentials. This implies gener-
ators of Λ(r) are never boundaries (Theorem 2). Generators of Λ(r) are either generators created by the Kudo differentials
(Deﬁnition 10) or are generators created from truncations of even generators of im f ∗ . Generators of Λ(∞) produce odd
degree generators of H∗( X˜;Zp) that do not come from the base or ﬁbre. They can be described in the following way.
In an Eilenberg Moore spectral sequence relating H∗(X;Zp) to H∗(Ω X;Zp), these elements produce pth divided powers
and transpotence elements in H∗(Ω X;Zp). When they are lifted via Ωρ∗ , they become primitive elements in H∗(Ω X˜;Zp)
that are the suspensions of generators of H∗( X˜;Zp) represented by the generators of Λ(∞).
We are able to show that Er is actually a tensor product of complexes with either Kudo differentials or transgression
differentials. The Künneth Theorem applies and allows us to calculate Er+1. The proof then identiﬁes all differentials of the
Serre spectral sequence. In Appendix A, we describe the entire Serre spectral sequence for Examples 1 and 2 and compute Er
for all r.
The paper is organized as follows. In Section 2, we prove E∞ is isomorphic as algebras to H∗( X˜;Zp) (Theorem 3). We
establish the structure of im f ∗ with the action of δ (Theorem 4) and show that the generators of im f ∗ that are not in
the image of δ are in the image of the transgression (Theorem 7). This produces certain cycles. In Section 3, we use uni-
versal examples to prove that these cycles survive to E∞ to produce nontrivial algebra generators in the spectral sequence
(Corollary 15 and Theorem 17). The proof of this fact depends on a relationship between these cycles and representatives
for transpotence elements. There are Eilenberg Moore spectral sequences that show that these transpotence elements are
nontrivial by Theorem 4.2 and Corollary 4.3 of [6]. In Section 4, we give formulae for Er that depend on the parity of r
(Theorem 21). Because in any degree, E∞ is isomorphic to Er for large enough r, we are able to then compute the ring
structure of E∞ . From this, the Main Theorem follows.
For the remainder of the paper we adopt the following notational conventions. All homologies and cohomologies will
have coeﬃcients Zp , the integers mod p for p an odd prime. All spaces will have the homotopy type of path con-
nected CW complexes with basepoint and all homology and cohomology modules will be ﬁnitely generated. The symbols
ΩK −→
j
X˜ −→ρ X will be reserved for the induced ﬁbre space obtained from an H-map f : X → K where K is a simply con-
nected generalized Eilenberg MacLane space with the product H-structure and X is a simply connected H-space. A(p) will
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the image of g and ker g to be the kernel of g . Given an Eilenberg MacLane space K (Zp,n), we denote in ∈ Hn(K (Zp,n);Zp)
to be the fundamental class. We will assume the reader is familiar with the basic facts due to Cartan [4] about the coho-
mology of Eilenberg MacLane spaces and the structure of the Steenrod algebra A(p). [18] and [16] are good references for
a description of Cartan’s results [4].
Given a connected Hopf algebra A, P (A) and Q (A) will denote the modules of primitives and indecomposables respec-
tively. If B is a normal subHopf algebra of A, A//B will denote the associated quotient Hopf algebra. We say x is a generator
of an algebra A if its projection in the module of indecomposables is nontrivial. We will assume the reader is familiar with
the basic facts about graded Hopf algebras. [13] and [8] are excellent references.
2. Spectral sequences and Kudo transgression
Given a multiplicative ﬁbration ρ : E → B with ﬁbre F , there is a ﬁrst quadrant Serre spectral sequence [15] with
Ep,q2 = Hp(B) ⊗ Hq(F ) and E∞ = GrH∗(E).
This is a spectral sequence of commutative Hopf algebras. E0,∗r ⊆ H∗(F ) is a subHopf algebra of H∗(F ) and E∗,0r is a quotient
Hopf algebra of H∗(B). By Theorem 5.8 of [2]
Er ∼= E∗,0r ⊗ Mr ⊗ Nr ⊗ E0,∗r
as algebras, where Mr , Nr are exterior algebras on generators of total degree ≡ ±1 mod 2p. This implies that all even
degree generators of Er lie in either E
∗,0
r or E
0,∗
r . Henceforth, we will denote Mr ⊗ Nr by Λ(r).
Deﬁnition 1. Let F → E → B be a ﬁbration with associated Serre spectral sequence Êr . Given x ∈ Hl(F ) = Ê 0,l2 we say x
transgresses to y if drx = 0 for all r < l+1 and dl+1x= y in El+1,0l+1 . We say z in Er is an inﬁnite cycle if dsz = 0 for all s r.
We recall the deﬁnition of an admissible Steenrod operation as described in [18]. A monomial in A(p) can be written in
the form
βε0 P s1βε1 P s2 · · · P skβεk
where εi = 0,1 and si is a positive integer. We denote this monomial by P I where
I = (ε0, s1, ε1, s2, . . . , sk, εk).
A sequence I is called admissible if si  psi+1 + εi for each i  1. If P I is admissible, we deﬁne the excess of P I , denoted
by e(P I ) by
e
(P I)= n∑
i=1
2(si − psi+1 − εi) +
n∑
i=0
εi .
(2.1) By [4] and Chapter 8, Proposition 1 of [15], if x transgresses to y and α ∈ A(p), then αx transgresses to αy.
(2.2) By [4] and Theorem 3.1 of [16], if K is a generalized Eilenberg MacLane space, then H∗(K ) is the free commutative
algebra on elements P I in where in ∈ H∗(K ) is a fundamental class of degree n and P I is an admissible Steenrod operation
of excess less than n.
(2.3) By Corollary 3.2 of [16], the cohomology suspension map σ ∗ : Q H∗(K ) → P H∗(ΩK ) is an onto map with kerσ ∗ =
δQ H∗(K ). In particular, kerσ ∗ is concentrated in degrees ≡ 2 mod 2p. kerσ ∗ is spanned by all P I in of even degree where in
is a fundamental class and P I is admissible of excess n − 1. If P I is admissible of excess n − 1 and P I in has odd degree,
then P I in = P sP J in where 2s + 1 = |P J in|. In particular, P I in suspends to a pth power.
(2.4) By Proposition 4.21 of [13], if A is a commutative Hopf algebra, the sequence
0 → P (ξ A) → P (A) → Q (A)
is exact where ξ : A → A is the pth power map. In particular, an odd degree primitive of A is a generator of A.
Theorem 2. Let ΩK −→
i
Y˜ −→π Y be a multiplicative ﬁbre map with ΩK a generalized Eilenberg MacLane space. Let Er be the Serre
spectral sequence associated to this ﬁbration. Then
(a) E0,∗r ⊆ H∗(ΩK ) is primitively generated and free commutative.
(b) By Theorem 5.8 of [2], Er ∼= E∗,0r ⊗ Λ(r) ⊗ E0,∗r as algebras where Λ(r) is an exterior algebra on generators of odd degree. If Y˜ is
the ﬁber induced by a map g : Y → K then E0,∗r is generated by transgressive elements. Generators of Λ(r) are never boundaries.
Generators of Λ(r) that are inﬁnite cycles survive to become generators of E∞ .
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generated if and only if it is dual to a commutative associative Hopf algebra with no pth powers. H∗(ΩK ) is commutative
and associative and has no pth powers and E0,∗r is dual to a quotient of H∗(ΩK ). Hence E0,∗r is primitively generated. Since
all subalgebras of free commutative algebras are free commutative, E0,∗r is free commutative.
If Y˜ is the ﬁber of a map g : Y → K there is a commutative diagram
ΩK ΩK
Y˜ LK
Y g K
A fundamental class in in H∗(ΩK ) transgresses to g∗(in+1) [15]. Then by (2.1), if α ∈ A(p) is a Steenrod operation,
αin transgresses to αg∗(in+1). Since E0,∗r is a subHopf algebra of H∗(ΩK ), by (2.2), generators of E0,∗r can be chosen to
be linear combinations of Steenrod operations applied to the fundamental classes of H∗(ΩK ). Thus E0,∗r is generated by
transgressive elements.
Let x be a nontrivial generator of Λ(r) and suppose x = dr y. Then since |x| is odd, y must be an even degree generator.
The structure theorem Er = E∗,0r ⊗ Λ(r) ⊗ E0,∗r implies the only even degree generators lie in E∗,0r or E0,∗r . Since generators
of E∗,0r are permanent cycles, if an even generator y satisﬁes dr y = x then y ∈ E0,∗r . But y is transgressive by part (a) so
either dr y = 0 or dr y ∈ E∗,0r . Hence x is never a boundary. If further, x is an inﬁnite cycle, it survives to be an algebra
generator of E∞ . 
Theorem 3. Let X˜ be the ﬁber of an H-map f : X → K where K is a simply connected generalized Eilenberg MacLane space. Let Er be
the Serre spectral sequence associated to ΩK −→
j
X˜ −→ρ X. Then E∞ ∼= H∗( X˜) as algebras.
Proof. In any given total degree, a ﬁrst quadrant spectral sequence converges to the E∞ term after a ﬁnite number of steps.
By Theorem 2(b), E∞ ∼= E∗,0∞ ⊗Λ(∞)⊗ E0,∗∞ where Λ(∞) is an exterior algebra on odd degree generators and E0,∗∞ ⊆ H∗(ΩK )
is free commutative. For each generator of Λ(∞)⊗ E0,∗∞ choose a representative in H∗( X˜) and give it the ﬁltration it inherits
as an element of E∞ . Let A be the span of these generators, and let S(A) be the free commutative algebra on A. There is
a map of ﬁltered algebras
θ2 : S(A) → H∗( X˜)
that sends an element in A to its element in H∗( X˜). Further Ep,0∞ = F pHp(X) because F p+1Hp( X˜) = 0 by [12]. Hence there
is a ﬁltration preserving algebra map
θ1 : E
∗,0∞ → H∗( X˜).
Then
E∗,0∞ ⊗ S(A) θ1⊗θ2−−−−→ H∗( X˜) ⊗ H∗( X˜) → H∗( X˜)
is a ﬁltration preserving algebra map that is an isomorphism on the associated graded. Hence this map is an algebra
isomorphism.
There are algebra isomorphisms
H∗( X˜) ∼= E∗,0∞ ⊗ S(A) ∼= E∗,0∞ ⊗ E0
(
S(A)
)∼= E∗,0∞ ⊗ Λ(∞) ⊗ E0,∗∞ ∼= E∞. 
By Theorem 3 the algebra generators of H∗( X˜) are in one-to-one correspondence with the algebra generators of E∗,0∞ ,
Λ(∞) and E0,∗∞ .
Theorem 4. There is an isomorphism of Hopf algebras
im f ∗ ∼= ⊗
i
Λ(ui)⊗
j
{
Λ(v j) ⊗ Zp[δv j]
(δv j)p
α j
}
⊗
k
Zp[wk]
(wk)p
εk
⊗
l
{
Λ(xl) ⊗Zp[δxl]
}⊗
m
Zp[ym]
where ui , v j , xl are odd degree primitives with δui = 0 and wk, ym are even degree primitives not in im δ f ∗ .
Proof. By assumption f : X → K is an H-map and H∗(K ) is primitively generated. Hence im f ∗ is a primitively gener-
ated Hopf algebra. Let B be the Hopf algebra generated by Peven(im f ∗) and let C be the subHopf algebra of B generated
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of H∗(X). By the Borel structure theorem, C has Borel generators δv j of ﬁnite height and δxl of inﬁnite height. We claim
that we can choose even degree primitive generators wk , ym in im f ∗ , wk of height pεk , ym of inﬁnite height with wk , ym
not in im δ f ∗ so that δv j , δxl , wk , ym are a basis for the even degree algebra generators of im f ∗ .
Let π : B → B//C be the projection. Then B//C is an even-dimensional Hopf algebra with generators π(wk) of ﬁnite
height pεk and π(ym) of inﬁnite height. We may assume wk and ym are primitive. It follows that ym has inﬁnite height.
It remains to show that we can choose wk to have height pεk . It follows that w
pεk
k lies in P (C). Because C is generated by
elements in degrees congruent to two mod 2p, by (2.4), wp
εk
k = cp
εk
k for some ck ∈ P (C). Hence (wk −ck)p
εk = 0. Altering wk
by ck , we may assume that wk is a generator of B that has height pεk and it does not lie in δPodd(im f ∗). Thus, we have
proved our claim.
We can choose ui ∈ Podd(im f ∗) in the kernel of δ so that ui , v j , xl form a basis for Podd(im f ∗). There is a map of Hopf
algebras between the two Hopf algebras of the theorem that induces an isomorphism on primitives and indecomposables.
Hence they are isomorphic. 
For the remainder of the paper, the symbols ui , v j , wk , xl , ym will be reserved for the primitive generators of the
decomposition of im f ∗ from Theorem 4. We state the Kudo Transgression Theorem, Theorem 6.14 from [12].
Theorem 5 (Kudo Transgression Theorem). Let F → E → B be a ﬁbration with Serre spectral sequence Êr . If x ∈ Ê 0,2n2n+1 transgresses to
y ∈ Ê 2n+1,02n+1 then d̂2n(p−1)+1{y ⊗ xp−1} = δy.
Theorem 6. Let K be a generalized Eilenberg MacLane space and consider the Serre spectral sequence Êr associated to the path loop
ﬁbration ΩK → LK → K . If y is a primitive generator of H∗(K ) and σ ∗(y) = 0, then σ ∗(y) transgresses to the class represented
by y.
Proof. Case 1. deg y ≡ 2 mod 2p. A fundamental class inl−1 ∈ H∗(ΩK ) transgresses inl . Then by (2.2) y =
∑
alP Il inl whereP Il is admissible of excess less than nl . By (2.3), P Il inl−1 is non-zero and σ ∗(y) =
∑
alP Il inl−1 transgresses to y.
Case 2. deg y = 2np+2. By (2.2) and (2.3) y =∑alP Il inl +δy′ where excess of P Il is less than nl−1 and y′ ∈ P H2n+1(K ).
σ ∗(y) =∑alP Il inl−1 = 0 so al is non-zero for some l.
By (2.3) σ ∗(y′) = 0 and by Case 1, σ ∗(y′) transgresses to y′ . By Kudo Theorem 5, d̂2n(p−1)+1{y′ ⊗ σ ∗(y′)p−1} = δy′ .
Hence in Ê2np+2 we have {y} = {∑alP Il inl } = d̂2np+2(σ ∗(y)). 
Theorem 7.
(a) In the Serre spectral sequence Er for ΩK −→j X˜ −→ρ X there exist non-zero primitive elements ûi , v̂ j , ŵk , x̂l , ŷm of H∗(ΩK ) that
transgress to ui , v j , wk, xl , ym respectively.
(b) E0,∗∞ = U (σ ∗ subker f ∗).
Proof. (a) f ∗ : H∗(K ) → im f ∗ is a map of algebras and H∗(K ) is primitively generated. Hence there exist primitive gener-
ators ui , v j , wk , xl , ym satisfying f ∗(ui) = ui , f ∗(v j) = v j , f ∗(wk) = wk , f ∗(xl) = xl , f ∗(ym) = ym . δH∗(K ) lies in degrees
≡ 2 mod 2p. Since wk, ym /∈ im δ f ∗ , ui , v j , wk , xl , ym do not lie in δH∗(K ). Hence they suspend to non-zero elements
by (2.3). Deﬁne ûi = σ ∗(ui), v̂ j = σ ∗(v j), ŵk = σ ∗(wk), x̂l = σ ∗(xl), ŷm = σ ∗(ym). The commutative diagram
ΩK ΩK
X˜ LK
X
f
K
induces a map of spectral sequences
Êr → Er .
By Theorem 6, ûi , v̂ j , ŵk , x̂l , ŷm transgress to ui , v j , wk , xl , ym in the spectral sequence Ê∗ . Hence in the spectral se-
quence E∗ , ûi , v̂ j , ŵk , x̂l , ŷm transgress to f ∗(ui) = ui , f ∗(v j) = v j , f ∗(wk) = wk , f ∗(xl) = xl , f ∗(ym) = ym .
(b) By [17], there is an extension of Hopf algebras
Zp → subker f ∗ i−→ H∗(K ) f
∗−−→ im f ∗ → Zp .
If T is the span {ui, v j,wk, xl, ym, δv j, δxl} and T is the projection of T into Q H∗(K ) then Q H∗(K ) ∼= im Q (i) ⊕ T .
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in H∗(X). σ ∗(T ) consists of those elements that transgress to non-zero elements of H∗(X). σ ∗(im Q (i)) = σ ∗(subker f ∗).
Since E0,∗∞ is the free commutative primitively generated Hopf algebra generated by those elements that transgress to zero,
E0,∗∞ = U (σ ∗(subker f ∗)). 
Lemma 8.
(a) In the differential Hopf algebra Zp[x] ⊗ Λ(y) where dx= y, x primitive, |x| = 2n, xp−1 y ∈ imd ⊗ 1+ 1⊗ imd.
(b) In the differential Hopf algebra Λ(y) ⊗ Zp [x]
xpl
where dy = x, y primitive, |y| = 2n − 1, xpl−1 y ∈ imd ⊗ 1+ 1⊗ imd.
Proof. For (a)
xp−1 y =
p−2∑
i=1
(
p − 1
i
)(
xi y ⊗ xp−i−1 + xi ⊗ xp−i−1 y)+ xp−1 ⊗ y + y ⊗ xp−1.
Further d(xi+1) = (i + 1)xi y.
For (b) xp
l−1
, x, y are primitive. A calculation shows xp
l−1 y is a sum of terms with x j in one of the tensor factors.
Since x j = d(x j−1 y) part (b) follows. 
Theorem 9. Let ΩK → Y˜ → Y be a multiplicative ﬁbre map with ΩK a generalized Eilenberg MacLane space. Let Er be the Serre
spectral sequence associated to this ﬁbration. If x ∈ P E0,2n2n+1 transgresses to y ∈ P E2n+1,02n+1 and δy = 0, then {y ⊗ xp−1} is a non-zero
generator in E∞ .
Proof. Consider the dual homology spectral sequence (Er,dr). This is also a spectral sequence of Hopf algebras [2]. If
y ∈ E2n+12n+1,0 is dual to y, then 0 = 〈y, y〉 = 〈y,d2n+1x〉 = 〈d2n+1 y, x〉.
Let x = d2n+1 y ∈ E2n+10,2n . By Lemma 6.3 of [3], 0 = 〈y ⊗ xp−1, y ⊗ xp−1〉. We claim y ⊗ xp−1 is not a d2n+1 boundary. If
y ⊗ xp−1 = d2n+1w , then
0 = 〈y ⊗ xp−1, y ⊗ xp−1〉= 〈y ⊗ xp−1,d2n+1w〉= 〈d2n+1(y ⊗ xp−1),w〉= 〈xp,w〉.
But E0,∗2n+1 ⊆ H∗(ΩK ) is primitively generated, so there are no pth powers in E2n+10,∗ by Proposition 4.20 of [13]. Hence xp = 0
and y ⊗ xp−1 = d2n+1w for some w . Therefore, 0 = {y ⊗ xp−1} in E2n+2. By Lemma 8, (y ⊗ xp−1) ∈ imd2n+1 ⊗ 1 + 1 ⊗
imd2n+1. So by (2.4) {y ⊗ xp−1} is an odd primitive generator of E2n+2. By Kudo Theorem 5, d2n(p−1)+1{y ⊗ xp−1} = δy = 0
so {y ⊗ xp−1} is an inﬁnite cycle. By Theorem 2(b) {y ⊗ xp−1} is a non-zero generator of E∞ . 
Deﬁnition 10. If x ∈ E0,2n2n+1 is a primitive element that transgresses to y ∈ E2n+1,02n+1 and {y ⊗ xp−1} ∈ E2n+1,2n(p−1)2n+2 is a gener-
ator, we will call λy = {y ⊗ xp−1} a Kudo generator. By Kudo Theorem 5, d2n(p−1)+1λy = δy. We will call such a differential
applied to a Kudo generator a Kudo differential.
Let λui = {ui ⊗ ûp−1i }, λv j = {v j ⊗ v̂ p−1j }, λxl = {xl ⊗ x̂ p−1l } be the Kudo generators created in the Serre spectral sequence
for X˜ . Then the Kudo differential of λv j is δv j and the Kudo differential of λxl is δxl .
Corollary 11. The elements λui = {ui ⊗ ûp−1i } are non-zero Kudo generators in E∞ .
Proof. By Theorem 9, since δui = 0, λui survives to E∞ . 
By Theorem 3, there is a generator of H∗( X˜) that is represented by λui ∈ E∞ . We denote this generator by sγ (ui).
3. The transpotence and universal examples
Let Er be the Serre spectral sequence associated to the multiplicative ﬁbration ΩK −→j X˜ −→ρ X . By Theorems 4, 5 and 7
there exist exterior elements ŵk that transgress to the even generators wk of height pεk and Kudo generators λv j whose
Kudo differential is the even generator δv j of height pα j . Hence there exist inﬁnite cycles
wp
εk−1
k ⊗ ŵk, (δv j)p
α j−1 ⊗ λv j .
The goal of this section will be to show these cycles survive to E∞ to produce algebra generators. Their representatives
in H∗( X˜) will be denoted by sϕpεk (wk) and sϕ α j (δv j) respectively. The method of proof will be to construct universalp
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survive to E∞ .
Let K (n) denote the Eilenberg MacLane space K (Zp,n). Let Γ1 : K (2n) → K (2npl) be deﬁned by Γ ∗1 (i2npl ) = (i2n)p
l
. Let
F1 be the principal ﬁbration induced by Γ1. There is a ﬁbration sequence
K (2n − 1) ΩΓ1−−−→ K (2npl − 1) l1−→ F1 π1−−→ K (2n) Γ1−−→ K (2npl).
If Zp [w]
wpl
appears as a factor of im f ∗ ⊆ H∗(X) in Theorem 4 with |w| = 2n, there is a commutative diagram
ΩK
j
k1 K (2n − 1)
ΩΓ1
X˜
ρ
g1
K (2npl − 1)
l1
X
h1
h˜1 F1
π1
K (2n)
(3.1)
with h∗1(i2n) = w . Let η = π∗1 (i2n), i = i2n−1 ∈ H∗(K (2n − 1)) be the fundamental class, and ŵ = k∗1(i). There is a Serre
spectral sequence Er associated to the ﬁbration
K (2n − 1) ΩΓ1−−−→ K (2npl − 1) l1−→ F1.
By (3.1), there is a map of spectral sequences
Er → Er
that sends η to w . Then the map of spectral sequences maps
ηp
l−1 ⊗ i to wpl−1 ⊗ ŵ. (3.2)
Theorem 12. {ηpl−1 ⊗ i} survives to E∞ ∼= GrH∗(K (2npl − 1)) to represent the fundamental class i2npl−1 ∈ H2npl−1(K (2npl − 1)).
Proof. The ﬁrst non-zero differential in the spectral sequence is d2ni = η. Thus
E2 = E2n = H∗(F1) ⊗ H∗
(
K (2n − 1)), (3.3)
d2n(ηp
l−1 ⊗ i) = ηpl = 0, so ηpl−1 ⊗ i is an inﬁnite cycle. Because d2n is an algebra derivation and E2n has the form (3.3),
ηp
l−1 ⊗ i is not a d2n boundary. By Lemma 8
ηp
l−1 ⊗ i ∈ imd2n ⊗ 1+ 1⊗ imd2n.
We conclude {ηpl−1 ⊗ i} is an odd degree primitive generator of E2n+2. By Theorem 2(b), it survives to generate Zp =
H2np
l−1(K (2npl − 1)). Hence it may be chosen to be the fundamental class. 
If Zp [w]
wpl
is a factor of im f ∗ , for w ∈ P H2n(X), it is possible that w = wpm0 for some m > 0, w0 an algebra generator
of H2u(X). Then 2n = 2upm . In that case it will be useful to specify h1 and h˜1.
Let Γ̂1 : K (2u) → K (2npl) by Γ̂ ∗1 (i2npl ) = (i2u)p
l+m
. If F̂1 is the total space of the principal ﬁbration induced by Γ̂1 there
is a ﬁbration sequence
K (2n − 1) ΩΓ̂1−−−→ K (2npl − 1) l̂1−→ F̂1 π̂1−−→ K (2u) Γ̂1−−→ K (2npl).
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X˜
ρ
X˜
g1
K (2npl − 1)
l1
X
ĥ0
h0
F̂1
α1
π̂1
F1
π1
K (2u) α0
Γ̂1
K (2n)
Γ1
K (2npl)
(3.4)
where h∗0(i2u) = w0, α∗0(i2n) = (i2u)p
m
.
We choose h1 = α0h0, h˜1 = α1ĥ0.
We have ΩΓ̂1  ∗ and ΩΓ1  ∗ because Γ̂1 and Γ1 are decomposable k-invariants. Because p is an odd prime, Ω F̂1 and
Ω F1 decompose as product H-spaces [6]:
Ω F̂1  K (2u − 1) × K
(
2npl − 2) and Ω F1  K (2n − 1) × K (2npl − 2).
By Lemma 4.1 of [6] there exist maps r̂1 :Ω F̂1 → K (2npl − 2), r1 :Ω F1 → K (2npl − 2) satisfying
r̂1Ω̂l1  id and r1Ωl1  id (3.5)
and we have r̂ ∗1 (i2npl−2) = 1⊗ i2npl−2 = r∗1(i2npl−2). There is a not necessarily commutative diagram
Ω F̂1
r̂1
Ωα1
Ω F1
r1
K (2npl − 2)
id
K (2npl − 2)
Lemma 13. α1 can be chosen so that r1Ωα1  r̂1 .
Proof. Ωα1 is an H-map and 1⊗ i2npl−2 ∈ H∗(Ω F1) is primitive. Therefore, since Ω F1 has the product H-structure,
(Ωα1)
∗(1⊗ i2npl−2) = ζ ⊗ 1+ 1⊗ i2npl−2
where ζ ∈ P H2npl−2(K (2u − 1)). By (2.3), ζ = σ ∗(ζ ′) where ζ ′ : K (2u) → K (2npl − 1). If we alter α1 by l1ζ ′π̂1 then
(Ωα1)
∗(1⊗ i2npl−2) = 1⊗ i2npl−2.
Then (Ωα1)∗r∗1(i2npl−2) = r̂ ∗1 (i2npl−2). This implies r1Ωα1  r̂1. 
Theorem 14. g∗1(i2npl−1) is a non-zero algebra generator of H∗( X˜).
Proof. Looping diagram (3.4) there is a commutative diagram
Ω X˜
Ωρ
Ω X˜
Ω g1
K (2npl − 2)
Ωl1
Ω X
Ωĥ0
Ω F̂1
Ωα1
Ω F1
(3.6)
Therefore Ωl1Ω g1  Ωα1Ωĥ0Ωρ . By (3.5), r1Ωl1  id. Therefore,
Ω g1  r1Ωl1Ω g1  r1Ωα1Ωĥ0Ωρ  r̂1Ωĥ0Ωρ by Lemma 13.
By Lemma 4.1 of [6], r̂1Ωĥ0 :Ω X → K (2npl − 2) represents the transpotence element ϕpl+m (w0), a non-zero element of
P H∗(Ω X)/ imσ ∗ . (Ωρ)∗ is the map H∗(Ω X) → H∗(Ω X)// imΩ f ∗ and imΩ f ∗ is contained in the algebra generated
by imσ ∗ .
Therefore, Ω g∗1(i2npl−2) = σ ∗g∗1(i2npl−1) = Ωρ∗(ϕpl+m (w0)) = 0.
By (2.3), g∗1(i2npl−1) is a non-zero generator. 
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wp
εk
k
be a factor of im f ∗ ⊆ H∗(X) in Theorem 4. Then Φwk = {wp
εk−1
k ⊗ ŵk} is a non-zero generator of E∞ .
Proof. Let |wk| = 2n and l = εk . By diagram (3.1) and Eq. (3.2), there is a map of spectral sequences Er → Er sending
{ηpεk−1⊗ i} to {wpεk−1k ⊗ ŵk}. By Theorem 12, {ηp
εk−1⊗ i} represents the fundamental class i2npl−1. Then by (3.1), g∗1(i2npl−1)
represents Φwk in E∞ . By Theorem 14, g∗1(i2npl−1) is a non-zero generator of H∗( X˜). Hence Φwk is a non-zero generator
of E∞ . 
Let Γ2 : K (2n + 1) → K ((2np + 2)pl) be deﬁned by Γ ∗2 (i(2np+2)pl ) = (δi2n+1)p
l
. Let F2 be the principal ﬁbration induced
by Γ2. There is a ﬁbration sequence
K (2n)
ΩΓ2−−−→ K ((2np + 2)pl − 1) l2−→ F2 π2−−→ K (2n + 1) Γ2−−→ K ((2np + 2)pl).
Let |v| = 2n+1. Let m = (2np+2)pl −1. If Zp [δv]
(δv)pl
appears as a factor of im f ∗ ⊆ H∗(X) in Theorem 4, there is a commutative
diagram
ΩK
j
K (2n)
ΩΓ2
X˜
ρ
g2 K (m)
l2
X
h˜2
h2
F2
π2
K (2n + 1)
(3.7)
with h∗2(i2n+1) = v . Let π∗2 (i2n+1) = η, i = i2n ∈ H2n(K (2n)) be the fundamental class. There is a Serre spectral sequence Er
associated to
K (2n)
ΩΓ2−−−→ K ((2np + 2)pl − 1) l2−→ F2
and a map of spectral sequences
Er → Er
that sends η to v , i to v̂ , an element that transgresses to v . Then the map of spectral sequences maps
λη =
{
η ⊗ ip−1} to {v ⊗ v̂ p−1}= λv (3.8)
and by Kudo Theorem 5, d2n(p−1)+1(λη) = δη. Since (δη)pl = 0,
u = (δη)pl−1 ⊗ λη is an inﬁnite cycle in E2n(p−1)+1. (3.9)
The element u maps to (δv)p
l−1 ⊗ λv in E2n(p−1)+1.
Theorem 16. {u} is a non-zero generator of E∞ that represents the fundamental class of H(2np+2)pl−1(K ((2np + 2)pl − 1)).
Proof. Let d = d2n(p−1)+1 and E = E2n(p−1)+1. We describe the strategy of the proof because it is somewhat lengthy. By
Lemma 8, λη is primitive. Hence by Lemma 8, u ∈ imd⊗ 1+ 1⊗ imd. Thus if u is not a d boundary it survives to become
an odd degree primitive generator that is an inﬁnite cycle. By Theorem 2(b) and (3.7), u survives to E∞ and represents
a non-zero Zp summand of H(2np+2)p
l−1(K ((2np + 2)pl − 1)). But H(2np+2)pl−1(K ((2np + 2)pl − 1)) = Zp generated by the
fundamental class. Hence this completes the theorem. So it remains to show that u = dw for some element w . We do this
by computing the structure of E in a suitable range of dimensions.
If u = dw then w ∈ Es,4n(p−1) for s < (2np + 2)pl − 1. For the remainder of the proof, our entire discussion will assume
we are only considering Es,t∗ in the range of dimensions where s < (2np + 2)pl − 1 and t  4n(p − 1). By Theorem 2(b),
there is an algebra decomposition Er ∼= E∗,0r ⊗ Λ(r) ⊗ E0,∗r where Λ(r) is an exterior algebra on odd degree generators.
E2 = H∗(F2) ⊗ H∗
(
K (2n)
)
.
By (2.2), H∗(K (2n)) is the free commutative algebra on generators P I i where P I is an admissible operation of excess
less than 2n. Henceforth, let P Ie , P I0 be admissible operations of excess less than 2n where |P Ie | is even and |P I0 | is odd.
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isomorphism
H∗
(
K (2n)
)∼= ⊗Zp[P Ie i]⊗ Λ(P I0 i).
By the Serre exact sequence Theorem 2, Chapter 8 of [15],
Hs(F2) = Hs
(
K (2n + 1))
for s < (2np + 2)pl − 1. H∗(K (2n + 1)) is the free commutative algebra on admissibles of excess less than 2n + 1 applied
to the fundamental class i2n+1. Hence, generators of H∗(F2) include elements P Ieη and P I0η along with elements that
correspond to admissible operations of excess 2n. We will use Eq. (2.3) to deﬁne precisely those elements that correspond
to admissible operations of excess 2n.
For a Steenrod module M , deﬁne ψ :M → M by
ψx =
{P sx if |x| = 2s + 1,
0 otherwise.
By (2.3) and Lemma 3.3 of [16] odd degree generators of excess 2n correspond to elements of the form ψP Ieη. Even degree
generators of excess 2n correspond to elements of the form δP Ieη.
Therefore, in the prescribed dimensions,
E∗,02 = H∗(F2) ∼= ⊗
Zp[δP Ieη]
(δP Ieη)pl ⊗ Λ
(P Ieη)⊗ Λ(ψP Ieη)⊗Zp[P I0η].
For 2 r  2n(p − 1) + 1, Er is a tensor product of complexes where dr is determined by
(a) If |P Ie i| < 2n(p − 1), P Ie i transgresses to P Ieη producing Kudo generator λP Ieη = {P Ieη ⊗ (P Ie i)p−1} and generator in
the ﬁbre {(P Ie i)p}. By Kudo Theorem 5, for degree reasons, λP Ie η is a d cycle unless P Ie = id. When P Ie = id, we have
λη = {η ⊗ ip−1} has dλη = δη. {(P Ie i)p} is a generator of E0,∗ that is a d cycle because |(P Ie i)p | 2np > 2n(p − 1) and
{(P Ie i)p} transgresses to ψP Ieη.
(b) If |P I0 i| < 2n(p − 1) then P I0 i transgresses to P I0η which has inﬁnite height. This produces no new classes in E .
We can now describe E as an algebra in the relevant degrees.
E = E∗,0 ⊗ Λ ⊗ E0,∗,
E0,∗ ∼= A1 ⊗ A2 (3.10)
where
A1 = ⊗Zp
[{(P Ie i)p}] where ∣∣P Ie i∣∣< 2n(p − 1),
A2 = ⊗Zp
[P Ie i]⊗ Λ(P I0 i)
where |P Ie i| and |P I0 i| are greater than or equal to 2n(p − 1). If |P Ie i| = 2n(p − 1) then d(P Ie i) = P Ieη. We note that
by (2.3), P Ieη = δη because the excess of P Ie is less than 2n and the excess of δ in this case is 2n by (2.3).
Λ ∼= Λ(λη) ⊗ Λ(λP Ieη) where P Ie = id and
∣∣P Ie i∣∣< 2n(p − 1), (3.11)
dλη = δη, dλP Ieη = 0.
E∗,0 = Zp[δη]
(δη)p
l
⊗ Zp[δP
Ieη]
(δP Ieη)pl ⊗ B. (3.12)
B is a free commutative algebra on some P Jη where the excess of P J is less than 2n.
In the appropriate range, Eqs. (3.10)–(3.12) provide a choice of a basis of generators for E . We note that d applied to any
monomials in the generators does not have u as a summand. (In fact almost all the generators are cycles.) Therefore u = dw
for any element w . Hence {u} is a non-zero odd degree primitive generator of E2n(p−1)+2. It is also an inﬁnite cycle. By
Theorem 2(b) it is a non-zero generator of E∞ .
{u} generates a Zp in H(2np+2)pl−1(K (2np+2)pl−1) = Zp . Hence it can be chosen to represent the fundamental class. 
Theorem 17. Let Zp [δv]
pl
be a factor of im f ∗ . Then {(δv)pl−1 ⊗ {v ⊗ v̂ p−1}} is a non-zero generator of E∞ .(δv)
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Er → Er
that sends {u} to {(δv)pl−1 ⊗ {v ⊗ v̂ p−1}}. By Theorem 16, {u} represents the fundamental class of H(K ((2np + 2)pl − 1)).
Therefore, {(δv)pl−1 ⊗ {v ⊗ v̂ p−1}} represents g∗2(i(2np+2)pl−1). Looping (3.7) yields
Ω X˜
Ωρ
Ω g2 K (m− 1)
Ωl2
Ω X
Ωh˜2
Ω F2
(3.13)
By Section 4 of [6], Ω F2  K (2n) × K ((2np + 2)pl − 2) as spaces.
By Lemma 4.1 of [6], there exists a map r2 :Ω F2 → K ((2np + 2)pl − 2) satisfying r2Ωl2  id and r∗2(i(2np+2)pl−2) =
1⊗ i(2np+2)pl−2. Further, (r2Ωh˜2)∗(i(2np+2)pl−2) is the transpotence element ϕpl (δv) = 0 in P H∗(Ω X)/ imσ ∗ .
(Ωρ)∗ is the map H∗(Ω X) → H∗(Ω X)// imΩ f ∗ ⊆ H∗(Ω X˜).
Since imΩ f ∗ ∩ P H∗(Ω X) ⊆ imσ ∗ , (Ωρ)∗ϕpl (δv) = 0 or
r2Ωh˜2Ωρ  ∗. (3.14)
So
Ω g2  r2Ωl2Ω g2 since r2Ωl2  id
 r2Ωh˜2Ωρ  ∗ by (3.14).
Hence
σ ∗g∗2(i(2np+2)pl−1) = (Ω g2)∗(i(2np+2)pl−2) = 0.
By (2.3), g∗2(i(2np+2)pl−1) is a non-zero generator. The theorem follows. 
Deﬁnition 18. For Zp [wk]
wp
εk
k
a factor of im f ∗ , let Φwk = {wp
εk−1
k ⊗ ŵk} be the non-zero generator of E∞ .
For Λ(v j) ⊗ Zp [δv j ]
(δv j)p
α j a factor of im f
∗ , let Φv j = {(δv j)p
α j−1 ⊗ {v j ⊗ v̂ p−1j }} be the non-zero generator of E∞ .
By Theorem 17 and Corollary 15, these generators exist and are non-zero. By Theorem 3, H∗( X˜) is isomorphic as algebras
to E∞ . We deﬁne sϕpεk (wk) and sϕpα j (δv j) ∈ H∗( X˜) to be the unique algebra generators of H∗( X˜) represented by Φwk
and Φv j respectively.
4. Differentials in the Serre spectral sequence
In this section we use induction to identify all differentials in the Serre spectral sequence associated to ΩK −→
j
X˜ −→ρ X .
Deﬁnition 19. Let U (r), V (r), V ′(r), W (r), X(r), X ′(r), Y (r) and A(r) be the following subalgebras of im f ∗:
U (r) = ⊗Λ(ui) where |ui | + 1 r,
V (r) = ⊗Λ(v j) where |v j | + 1 r 
(|v j | − 1)(p − 1) + 1,
V ′(r) = ⊗Λ(v j) ⊗ Zp[δv j]
δv j p
α j
where
(|v j | − 1)(p − 1) + 1< r,
W (r) = ⊗Zp[wk]
wkp
εk
where |wk| < r,
X(r) = ⊗Λ(xl) where |xl| + 1 r 
(|xl| − 1)(p − 1) + 1,
X ′(r) = ⊗Λ(xl) ⊗Zp[δxl] where
(|xl| − 1)(p − 1) + 1 < r,
Y (r) = ⊗Zp[ym] where |ym| < r,
A(r) = U (r) ⊗ V (r) ⊗ V ′(r) ⊗ W (r) ⊗ X(r) ⊗ X ′(r) ⊗ Y (r).
Theorems 4, 5, and 7 show that A(r) is precisely the subalgebra of im f ∗ that is in the image of differentials ds for s < r.
One veriﬁes
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(a) For A(2n + 1) = ⊗Zp [wk]
wp
εk
k
⊗Zp[ym] ⊗ A(2n) where the wk, ym satisfy |wk| = |ym| = 2n.
(b) A(2n+2) = ⊗Λ(ui)⊗Λ(v j)⊗Λ(xl)⊗{Λ(v j)⊗ Zp [δv j ]
(δv j)p
α j }⊗ {Λ(xl)⊗Zp[δxl]}⊗ A(2n+1) where |ui | = |v j | = |xl| = 2n+1
in the ﬁrst three tensor factors. The tensor factors involving δv j , δxl satisfy (|v j |−1)(p−1)+1 = (|xl|−1)(p−1)+1 = 2n+1.
(c) The union of all the A(r) is im f ∗ .
Theorem 21. Er = E∗,0r ⊗ Λ(r) ⊗ E0,∗r where E∗,0r , Λ(r) and E0,∗r are deﬁned as follows:
(a) E∗,0r ∼= im f ∗//A(r) ⊗ H∗(X)// im f ∗ as vector spaces.
(b) Λ(r) ∼= ⊗Λ(λui ) ⊗ Λ(λv j ) ⊗ Λ(λxl ) ⊗ Λ(Φwk ) ⊗ Λ(Φv j ) where
λui satisfy |ui | + 1 r,
λv j satisfy |v j | + 1 r 
(|v j | − 1)(p − 1) + 1,
λxl satisfy |xl| + 1 r 
(|xl| − 1)(p − 1) + 1,
Φwk satisfy |wk| < r,
Φv j satisfy
(|v j | − 1)(p − 1) + 1 < r.
(c) E0,∗2n+1 ∼= ⊗Zp[ ûi] ⊗ Zp[ v̂ j] ⊗ Zp[ x̂l] ⊗ F2n+1 where |̂ui | = |̂v j | = |̂xl| = 2n and F2n+1 is free commutative and contains all
⊗Λ(ŵk) ⊗ Λ(̂ym) where |ŵk| = |̂ym| = 2n + 1. F2n+1 ⊆ ker d2n+1 .
E0,∗2n ∼= ⊗Λ(ŵk)⊗Λ(̂ym)⊗G2n where |ŵk| = |̂ym| = 2n−1. G2n is free commutative, and contains Zp[ ûi]⊗Zp[ v̂ j]⊗Zp[ x̂l]
where |̂ui | = |̂v j | = |̂xl| = 2n. G2n ⊆ ker d2n.
Proof. Consider r = 2. Since X is simply connected, it has no one-dimensional generators in its cohomology. Thus, Λ(2) is
the trivial algebra.
E2 = E∗,02 ⊗ E0,∗2 = H∗(X) ⊗ H∗(ΩK ). H∗(X) ∼= im f ∗ ⊗ H∗(X)// im f ∗ as vector spaces by Proposition 1.7 of [13]. So the
theorem holds for r = 2. Assume by induction that Er satisﬁes the theorem.
Case 1. r = 2n
Because dr is an algebra derivation, it suﬃces to consider d2n on algebra generators. We note that Λ(2n) consists of d2n
cycles. To see this, by Kudo Theorem 5, drλv j and drλxl are zero if r is even. Further, Corollaries 11 and 15 together with
Theorem 17 imply λui , Φv j and Φwk survive to E∞ . By Theorem 2(b), λv j and λxl are never boundaries. We conclude Λ(2n)
survives to E2n+1.
Hence the only non-zero differentials occur on E0,∗2n . By Theorem 4 and Lemma 20(a), there is an algebra isomorphism
im f ∗//A(2n) ∼= A(2n + 1)//A(2n) ⊗ im f ∗//A(2n + 1)
∼= ⊗Zp[wk]
wp
εk
k
⊗Zp[ym] ⊗ im f ∗//A(2n + 1)
where the tensor factors involving wk and ym satisfy |wk| = |ym| = 2n. E2n can be written as a tensor product of d2n
complexes:
E2n ∼= im f ∗//A(2n + 1) ⊗ H∗(X)// im f ∗ ⊗
{
Λ(ŵk) ⊗ Zp[wk]
wp
εk
k
}
⊗ {Λ(̂ym) ⊗Zp[ym]}⊗ Λ(2n) ⊗ G2n.
All the complexes have trivial d2n except those involving ŵk , ŷm of degree 2n − 1. We have
d2n ŵk = wk and d2n ŷm = ym. (4.1)
Λ(ŵk) ⊗Zp [wk]
wp
εk
k
has d2n homology Λ(Φwk ). The complex Λ(̂ym) ⊗Zp[ym] is acyclic.
Note Λ(2n + 1) = Λ(2n) ⊗ Λ(Φwk ) where the tensor is taken over all wk of degree 2n.
Therefore
E2n+1 ∼= E∗,02n+1 ⊗ Λ(2n + 1) ⊗ E0,∗2n+1
where G2n = E0,∗2n+1. Since G2n is free commutative it has the form prescribed in part (c). It follows that if E2n has the
prescribed form, than E2n+1 has the form described in the theorem.
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By Theorem 4, there is an algebra isomorphism
im f ∗//A(2n + 1) ∼= A(2n + 2)//A(2n + 1) ⊗ im f ∗//A(2n + 2).
By Lemma 20(b),
A(2n + 2)//A(2n + 1) ∼= ⊗Λ(ui) ⊗ Λ(v j) ⊗ Λ(xl) ⊗
{
Λ(λv j ) ⊗
Zp[δv j]
δvp
α j
j
}
⊗ {Λ(λxl ) ⊗Zp[δxl]}
where |ui | = |v j | = |xl| = 2n + 1 on the ﬁrst 3 tensor products and(|v j | − 1)(p − 1) + 1 = (|xl| − 1)(p − 1) + 1 = 2n + 1
on the last two complexes.
Then using Kudo Theorem 5,
d2n+1ûi = ui, d2n+1 v̂ j = v j, d2n+1̂xl = xl, d2n+1λv j = δv j, d2n+1λxl = δxl. (4.2)
Note that Λ(2n+1) ∼= ⊗Λ(λv j )⊗Λ(λxl )⊗Λ′(2n+2) where λv j , λxl satisfy (|v j |−1)(p−1)+1 = (|xl|−1)(p−1)+1 =
2n + 1.
Then E2n+1 = E∗,02n+1 ⊗ Λ(2n + 1) ⊗ E0,∗2n+1 may be written as a tensor product of the following d2n+1 complexes:
E2n+1 = im f ∗//A(2n+ 2) ⊗ H∗(X)// im f ∗ ⊗
{
Zp[ ûi] ⊗ Λ(ui)
}⊗ {Zp[ v̂ j] ⊗ Λ(v j)}⊗ {Zp[ x̂l] ⊗ Λ(xl)}
⊗
{
Λ(λv j ) ⊗
Zp[δv j]
(δv j)p
α j
}
⊗ {Λ(λxl ) ⊗Zp[δxl]}⊗ Λ′(2n + 2) ⊗ F2n+1.
Eq. (4.2) determines all non-zero differentials. For example, the d2n+1 cohomology of Zp[ ûi] ⊗ Λ(ui) is Zp[{̂upi }] ⊗ Λ(λui ).
The d2n+1 cohomology of Λ(λv j ) ⊗ Zp [δv j ]
(δv j)p
α j is Λ(Φv j ). Applying the Künneth Theorem yields the following formula
for E2n+2:
E2n+2 ∼= E∗,02n+2 ⊗Zp
[{̂
upi
}]⊗ Λ(λui ) ⊗Zp[{̂vpj }]⊗ Λ(λv j ) ⊗Zp[{̂x pl }]⊗ Λ(λxl ) ⊗ Λ(Φv j ) ⊗ Λ′(2n + 2) ⊗ F2n+1.
We note
Λ(2n + 2) ∼= ⊗Λ(λui ) ⊗ Λ(λv j ) ⊗ Λ(λxl ) ⊗ Λ(Φv j ) ⊗ Λ′(2n + 2),
E0,∗2n+2 ∼= ⊗Zp
[{̂
upi
}]⊗Zp[{̂vpj }]⊗Zp[{̂x pl }]⊗ F2n+1.
Thus E2n+2 ∼= E∗,02n+2 ⊗ Λ(2n + 2) ⊗ E0,∗2n+2.
Cases 1 and 2 show if Er has the prescribed form then Er+1 has the prescribed form. This completes the induction. 
Proof of the Main Theorem. By Lemma 20(c), the union of the A(r) is im f ∗ and drλv j = δv j and drλxl = δxl for r =
(|v j | − 1)(p − 1)+ 1 and r = (|xl| − 1)(p − 1)+ 1. Hence Λ(∞) = ⊗Λ(λui )⊗Λ(Φv j )⊗Λ(Φwk ) where the tensor product is
over all ui , v j , wk that occur in im f ∗ . Further E∗,0∞ = H∗(X)// im f ∗ . This is a subalgebra of H∗( X˜) that is imρ∗ . 
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Appendix A
We describe the spectral sequence for Examples 1 and 2 in terms of the algebras in Deﬁnition 19.
1. For the 3-connective cover of the simple simply connected compact Lie group of type E8 mod 3 we have
A(4) = A(5) = V (4) = Λ(x3),
A(6) = A(7) = V ′(6) = V ′(8) = Λ(x3) ⊗Z3 [x8]
x38
,
A(8) = A(13) = V (8) ⊗ V ′(8) = Λ(x7) ⊗ Λ(x3) ⊗Z3 [x8]
x38
,
A(14) = A(19) = V ′(14) = V ′(20) = Λ(x3) ⊗Z3 [x8]
x38
⊗ Λ(x7) ⊗Z3 [x20]
x320
,
A(20) = im f ∗ = U (20) ⊗ V ′(20) = Λ(x19) ⊗ V ′(20).
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E2 = E3,
E4 = H∗(X)//Λ(x3) ⊗ Λ(λx3 ) ⊗Z3
[{
i32
}]
,
E6 = H∗(X)//A(6) ⊗ Λ(Φx3 ) ⊗Z3
[{
i32
}]
,
E8 = H∗(X)//A(8) ⊗ Λ(Φx3 ) ⊗ Λ(λx7 ) ⊗Z3
[{
i92
}]
,
E14 = H∗(X)//A(14) ⊗ Λ(Φx3 ,Φx7 ) ⊗Z3
[{
i92
}]
,
E20 = E∞ = H∗(X)// im f ∗ ⊗ Λ(Φx3 ,Φx7 ) ⊗ Λ(λx19 ) ⊗Z3
[{
i272
}]
.
Then sφ3(δx3), sφ3(δx7), sγ (x19) are in H∗(˜E8;Z3) represented in E∞ by Φx3 ,Φx7 and λx19 . We have Z3[{i272 }] =
U (σ ∗(subker f ∗)) as described in Example 1.
2. Let X be the simple simply connected compact Lie group of type E6 and all coeﬃcients are Z5. Then
A(2) = A(9) = 0,
A(10) = A(17) = U (10) = Λ(x9),
A(18) = U (18) = im f ∗ = Λ(x9, x17),
E2 = E9,
E10 = E17 = H∗(X)//A(10) ⊗ Λ(λx9 ) ⊗Z5
[{
i58
}]⊗ S[P I i8]
where S[P I i8] is the free commutative algebra on all P I i8 where P I is a nontrivial admissible operation of excess less
than 8.
E18 = E∞ = H∗(X)// im f ∗ ⊗ Λ(λx9 , λx17 ) ⊗Z5
[{
i58
}
,
{(P1i8)5}]⊗ S[P Iβ1i8, P IP i i8],
1 i  3, where P Iβ1, P IP i are admissible operations of excess less than 8. If i = 1 we require that P I is nontrivial in all
terms P IP1i8.
We let sγ (x9), sγ (x17) in H∗(˜E6;Z5) be the algebra generators represented in E∞ by λx9 , and λx17 respectively.
We note S[P Iβ1i8, P IP i i8] ⊗ Z5[{i58}, {(P1i8)5}] ∼= U (σ ∗(subker f ∗)) is the free commutative algebra on admissibles
P Iβ1i8, P IP i i8 and {i58} and {(P1i8)5}.
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